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If Let V be ovest spacek of finite dimensionn
Given a finite group G a larrepresetation of
G in V is a homomorphism

G GLIV 10 Pst Ps E Vite G

where GLIVI is the groupof linear isomorphisms from
V to itself The degree of pis deglpi dimalvi

If we fix a basis of V then any ps can be

represented by a invertiblematrix Rs and
Rat Rs Rt

In this late we say that p is represented
in matrix form

If We say that p G GLIVI and

P G GLI V'I are isomorphic repr
if it there exists a linear isomorphism

T VI

compatible with p and p in the sense that

Top piot KEG
VIV

TI et



In matrix form is equivalent to say that
it there exists an invertible matrix Ta t

T.RS RIT HseG
Re Two isomorphic repr have the same

degree

Re Fixed a basis of V there the
coordinate isomorphism Ci is

an isomorphism of p and the matrix

form of p
Example 1 priv G Ci is the trivial

SI 1

representation of G
2 6 22 p 22 is a representation

e Ide of 22
Thus 2 can be represented sending each

Complex number to its opposite z

e

Pilzlaz

2



3 Given a representation of degree 1 p G at
since G is a finite group and so eath element

has finite order then palzl is a rooth
of the unity and adFI
then 1ps711 FI VZEE

4 Let 6 53 co TI the group of
permutation of 3 elements Then we define

99h 5
I sgusti 1

the
sign of a

ogni 1 1 perutation

P 53 GL C Exercise

T 1 Verify that it is
well defined6 1

5 Regular Representation

We consider the vector space V with a basis

e seg indixed by the elements of G
We define the representation

Preg
G GLIVI
si Y est

preg
is called regularrepresattI



6 Permtation Representation
Assure G is acting on a finite set and
let V be the vect spare with a basis ex

Then Pperm G GL V

TI
Pperm is called permtationrepresentat.ae

The regular representation is the permutation

representation with G

Del Given a representation p G GL NI
and a vector subspace W of V we

say that
W is invariant if for each seg

ps LUI E W WEW

In this ease it is well defined the

repr.pe G GLIW
sto Ps W W W

pò is called subepresentan of p
Example Given the regular representation preg

then W es is invariant so



Preg is a sub representation lo7 degrees
of preg

In this last Peg Ptriv

We will compute all subvepresentations of Peg
Remarks We can always find an invariant

subspace of V
V6 VEV I pani 0 VSEG

Clearly V6 can eventually be o or V

Moreover PE Idyg FIEG

It is always possible to protect anyvector of V to V6 We remind that
a projection aver a subspace W is a linear

map T V V sit NEW and TOTT

The Reynolds Operator important in
fluidodynanic
invaritttheoryThere is a natural projector auto V6

T V V 1

VITIM TAEG PIU
Furthermore it holds the following equality

dimiva ELI 1ps
orf PEITIVI I E PALM EGG IN TIM

TIO E VG D TI VIEUG



Instead given VEVO then TRI S E T VI

HUI VG
Finally we can write k KarlTIOV

so after completing a basis of U to a basis
of V we have in that basis that the associà

matrix to it is Daiminer'Iago da Vol TrITI

ThanGiven an invariant subspace W of p
then there exists a complementwo
of W which is invariant

roof Consider a complement subspace of
W and let p V V w

be the projection a W

Then we can define a

new linear map

wopit EÈ ps popst
We notice that po fixes W

wi L Σ ps pipi w I L Glow twew

and it has image in W as plwkwand



I
W is invariant Thus the

image is W and
the Kennel of the map is a complementaf
We of W W WEV

Finally ps p p ps and so

given EW then

pips ok ps pilot plot o

We is invariant TE

Def The direct su of two representation

P G GLIVI 2 G GLIWI is

POI G GLIVOW
11 0 VOW V W

V WIN Pistol Y twi

Remark From the previous theorem we have
that p is isomorphic to

p pW puo
as VE WOW and W and we are invariant

Def An irreducible representation is a repr
P G GLIVI whose invariant subspates
are only o and V



Then Every representation is the finite sum

of irreducible representations

prof By inducian on the dimensionof V
If di V o then it is trivial

Assume then dim Voo If p G GLIV

is irreducible then we are done
Otherwise it there exists a proper invarià

subspaceOEWEV and an invariant

complement wo V WOW
Then p puo and the inductive

hypothesis applies as d'mwcdimvdmwrdi.mu

e

Re Thus V can be decomposed as
a direct sum of irreducible representations
Wi Wh V W We
It is natural to ask if the decomposition is

Unique The answer is clearly e Forinstance

P EI Eff his inv subsp ce and lead

but also centers and Lez E ca 9230 127 L e Cea

What will not change will be the NUMBER of inedus
represent isomorphic to a given W



DI The dedrepretatinofp G GLIVII

pA G GL V'I where passfl fopsi
Def Given Ps G GLIVI pe G GLCW

we can define f P2 G GLIVOW
S Y EEYYEP.ie

which is talled t productrepesenta of
pi and pa

We remind that VOV AlthVI SymTV
where Alt VI is given by a basis

li e ejoli i

and Sym V is given by a basis

li 9g e Ci

Colin AltTV MI and dmlsymtvit.mg

We observe that AltIVI and Symivi are
invariant with respect to p p O GLIVOVI
so pop is never irreducible and can

be written as a direct sun of two repres
called the Alternding square andSymete
fare



Hamomorphismepresentation

Given P G GL V1 and y G GLIWI there we

have a natural representation on HoulV W

Hom pin G HoulV W

SI HankWI Maulvwi
F YISIOFO PCS

Remark There is always an invariant subspace

Ii iiiittiii

W Had V W

fow YIFAN
whose inverse is not natural and it is defined by the
choice of a basis of lei cn

HoulV W WOW
f Ei e f lei

As
you in expert is an isomorphism of

repr among Han p 41 and pay
WIE VOW

SEG
01
HoulvWI HaulV.WI

Thus Heulp 41 p n



LIRp.ttG GLIV y G GLIW be
two irreducible representations of G and
let f be a linear map from to Wait

4s f f ops KEG
Then
1 if p and y are not isomorphic feo
2 if kW and pay then f 7 Id

where X II n dimivi

orafDIf f o is trivial assume f o

We claim that Kerif and Imiflare
invariant subspaces of Vaud W respect

Given veker fi there fipstall ps fioi o

PIU O

Given flottImift then ps Iftrll flpsivi E Imf
However p and y are irreducible so the

possibilities are Ker f 304 and Im FIWhichmeans fisan isomorphism so Pandy are Iso
or Kerif V Imf 0 which means f o

1 Let v be an eigenvector of f with eigen
7 Then Ker f DI 404 and f XI satisfies

Pso f XI f XI Ps SEG
from 111 we have f I O D f XI



55.1
ChavacterofaRepreseutat.LA

p G GL V be a representation of G
There is also another object that does not change
when p is replaced by a isomorphic representation
this object is the traie Trips
Def IkgIIII Xp of

the representation p is

p G E

SHIPS
As we will see the character of p completelydeterminep
Prop The following holds

111 1 h nedim v

12 pls X SEG
131Xp tst Xp ti t SEG So the values of Xpdepends

only on the conjugacy classesof G
proof 111 and 131 are trivial as the face of

Props E is the same as ps

For 2 we remind that any matrix of finite
order is diagonalizable so let 7 An be

the eigenvalues of ps Then are

the eigenvalues of ps 1 However

ps Ivi Dirti Psoras ivi vi 7TH



and so 7
151
1 1711 1 Dit L

This means

Trips 1 It In Tripst

Prope Given p G GL VI with chare and

y C GLCW with characters Xp auxy
then

Dual rap Xp XT
Direct sum rep pop Xp Xy i
Tensor rep pon Xp In 1

Alt sprave rep Xaetp 9 Xp s Xp 121

Sym Squarevep Xsympis xp 31 71114

EFFIEhamster of the trivial representation is

triv 1 KEG

2 Preg s sends et est so the associatedmatrix

has only zeros on the diagonal unless 3 16

in which case all the elements on the diagonal are 1
Thus pre 111 E fieri



3 Pperm 111 ends ex esx which is the same ex iff
se Stab x Thus let Fixist ex s x x G

We have that ppe.is 1Fixlsll

Def When we have two complex valued functions
f G C g G E

of G we can always define the scalar product
f g ELEGIE

Thus given two characters Xp and Xu we in always

compute the a priori complex number Xp Xy
Rem

Using Reynolds operator we proved

d'mV io ELTV 1ps
that how can be rewritten as DÈI
the Given p G GLIVI y G GLIWI with

characters Xp and Xu then the number
Xp Xp is always an integer equal to

LINIE
proof We have seen that Houlp 7 p y so

its charter is I



However from the previous remark applied
to the vector space HealV WI we have

dm HanGVWI x ̅ 74 Xtriv Xp X2

Corellay IMPORTANT
1 if p and y are irreducible represent then

Xp Xp
1 if pandy are isomorphic
O otherwise

Ithus Xp I pimedei replay form an orthonormal I
system

2 Given a representation P G GLLVI suppose
it decomposes in irred rep W Wk

Let 4 G GLI WI be a irreducible representation
Then the number of WE isomorphic to W equals
the number Xu Xp
This number does not depend on the decomposition

3 Two representations with the same

character are isomorphic
4 A representation is irreducible if and only
if Xp Xp 1



prof 11 17 1 1 din HamTVWI

However
p and y are irreducible so

by Schur Lenna homomorphism represt in
Homo V W is an isomorphism rep of pandy
If y and p are not is then Hantiv WI O
Instead if it there exists an isomorphism
F W then

HentIVW Henan VI is Iso

g F tg
However from Schur Lenna 121

HenanVI Idv
and so HanGVWI is one dimensional
2 We have W Wh let pi pk
be their ineduc representations Then

Xp Xp Xpr and soby the previous point
Xp Xy 43 Psisisonithy

3 If p and y have the same character
then they contain the same irreducible

representations the same number of times
Thus p and n are iso



441 DI is proved in 1

Assume that V mi W mrWR
where mi is the number of times the

representation pi is occurring en V
Then Xp me Xp un Xp

and so
1 1Xp Xp mi mm

5 sit ms 1 and the others
are zero Xp Xp P and P are

iso pis irreducible DX

Remare We can now find the irreducible rep
contrived in

preg
We observe that

Xreg 7 È 161.71101 1101

so irreducible occurs on Nrg with multiplicity
116

This means that there are only finitely many
irreducible characters X Xn and are all of
them contained in

veg
In particular it holds

T.EITA.FIIG1 xI



Jef A class fuction is a furition f G C

satisyingffitsti 741 V SEG

The space of class functions of G is denotedby
CF G

Natie that this space contains every character of G
The Let f be a class function on G P G GLN

a repr of G We define the homomorphism

pe Effisi ps
If V is irreducible of degree n then pe is an

homothety of ratio D 17
Prof papa EaffePE Pt pepe by Schurlema

Pt Id where 7 IL e

The 11 Irrigl h irreducible characters of G
is an orthonormal basis of CF G

2 The numberof irreducible charters
is equal to the number of consugay
classes of G

proof 11 Xi Xk irreducible characters of G
We can decompose FG as direct sun

of CX In and its orthogonal complement



9
This it is sufficient to prove that if fece G
verifies X If o Key k f o

Let us consider pe Egfls ps for any
represent p The previous than shows that

If is zero on any irreducible represent of

p as Xi 71 0 Thus pe is identically zero

for any repr p Let us consider the regular
representation preg Then

Pregif SE 18 Preg

0 pregly tel Egfisl es FISKOVSEG

2 Another basis of FG is given by
Mangix E G where congal txt EEG

Thus coup classes dimacFCG Irv G

Corollary A Group is abeliane if and only if
all the irreducible representationsof

G are 1 dimensional

proof Using the regular representation we

have GI XING E 1161
when k con classes of G

I



However G is abeliana K IGI

X 1161 Xp 1161 1 DI

Def Given p G GLIVI repres and an

irreducible repr y G GLIW

the isotypic component W off of
chartteryisthe biggest invariant

subspace of isomorphic to some

copies of the same representation 2
Thus

pur Xp Xp Xp
Remark With this notation we have a commital

unique decomposition of P G GLCVI as a

direct sen of isotypic components
V W 0Wh YETI L

We can use a generalization of Reynold
operator to construct a projection of

to the isotypi component of shar 2



That Reynold Operatorof Character y
Let p G GLIVI repr and y

be a
irreducible repres Let Wh be the isoty

Component of character p Then

Ty ELH ps
is a projection on Wh

Furthermore given a basis e en of V then
if Ve Wa 0W we have

Tu lei Ty ten generates W

Tuple 1 Typley generates W

generate the entire space V
If We apply the previous

result and
obtain that tu restricted to any
im repr W of character My is an homothop

of ratie 1
2431 21

if 14 7
e otherwise

Ty is the identity on W if it is isomorph
to 2 and zero otherwise Thus Ty is

the identity on the isotypic component of sharact y
and zero otherwise



We can write W WMR and so EV

can be written as Xp D

Ty X Ty Ty Xml Xp 14 4,1

Ty is the projection on WY DI

FINI.LI fYIF Es 1531 6

We want to find all the possible in represi

Conjugal classes are Cong 61 46,62
Cong 11 414
Con ITI 4T 56 56

In S 3 3

However we already constructed 2 natural
characters of 53 Yaniv 53

Sgn 53

Teg 5

The last character is then computable using

Preg Ani Sgn 71161

at If we have 1531 6 1 2 77161

1161 2 and IX LIXug XtrinsgrD
Actually we can also prove that the



irreducible representation of dig 2 is

P 53 GLIE

e
6 1

To prove that p is irreducible it is

suffilient to prove Xp Xp 1 1

We can order the in charters in a table
called CHARACTER TABLE

Long 11 Cento Con t

1 1 1 I

59 1 1 1

2 1 0

Let us construct a basis of isotypi components
of the regular representation Trag

Prg 53 GLI E io 92

e this generale w

Igh e eco le forte e thisgenerate v55

lei 29 96 egr

Tyle 1 161296 962 e

isotypi comp of

et 124 e e

thysenerate WA

charant forPeg which

Tx lets 276 et etor
contains 2 tines the in
represent pe pa above



BONI A natural question that my arise is why
do we chose the trace to uniquely determine a

representation instead the determinant
Or more ingeneral why do we not choose are of the
other coefficientsof the characteristic polynomial

Pp 21 dettps ZIA herewe fix SEG

Indeed they are invariant by similarity so are class functions

First of all we observe that all of them can be

viewed as a character so as a trase of a representation
Indeed let 7 An be the eigenvalues of ps Then

detips ZId Z 7 È c 17 in ii ting

It is not so difficult to prove that if me considerthe

representation
Igiene

and the invariant subspace N'V

then the character of the subrepresentationof po p is

exactly Xppls Eh in ii itin
sThuswecanwriteLsz IIZI

Since the trace completely determine p then we could

write the coefficient of the characteristic polynomial
in function of Xp



TFEE
J th coefficient of the characteristic

polynomial of ps or
equivalently the character

of the 4 31 th alternating repr N'p can be
w

ifatin.IT I
Xp1s4Xplsl2det71531 XD

ampliata

t.net

iii ii

I

detpisi det

proof We need to write GE.fi fi in
in fuction of the sum of the powers
5m Xi This formula is called WARING
FORMULA

6k det 5
is



However S In Xp si
Sa ti 7 pls

Su ti ti piste

so the thesis follows

Thus if p G GLIVI has dimension 2 then

detplis olet xp 1217in Xp

For instance if G 53 and p is the irreducible

repres of degree 2 Xp Tre 1 Sgn

1 SE Con il
detip 4211 11 1 Selen 6

210 21 1 selensli
del p son

However p and sgn are Not isomorphic
but have the same determinant
This shows that determinant does not determine
the representation such as the trace

Incise Prove that the other coefficients of the
characteristic polynomial does not determine the
representation


